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Parabolized Navier-Stokes Predictions of Three-Dimensional
Hypersonic Flows with Strong Crossflow Effects

Bilal A. Bhutta* and Clark H. Lewisf
VRA, Inc., Blacksburg, Virginia

In this study, a new three-dimensional fully iterative parabolized Navier-Stokes (PNS) scheme has been
developed to study perfect-gas or equilibrium-air viscous hypersonic flows around ballistic re-entry configurations
at large angles of attack. This three-dimensional PNS scheme is inherently stable in the subsonic as well as the
supersonic flow regions and, thus, does not require any sublayer approximation. Furthermore, it uses a generalized
PNS formulation to treat perfect-gas and equilibrium-air gas models in a unified manner. A second-order smoothing
approach is used to damp the solution oscillations, whereas a pseudo-unsteady approach is used to significantly
enhance computational efficiency without compromising solution accuracy. A new fully implicit and crossflow-

coupled shock-fitting approach has been used, along with a new predictor-corrector solution scheme to treat
large crossflow-separated regions. The flow over a 15-deg sphere-cone configuration at an angle of attack of 20
deg is studied at two different Mach numbers to demonstrate the solution scheme.

Nomenclature
specific heat at constant pressure
linear distance between body and shock
static enthalpy of the mixture
determinant of the transformation Jacobian
mixture thermal conductivity
number of grid points in crossflow (£3)
direction

LMAX = number of grid points in axis-normal (£2)
direction

M = Mach number
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iteration number
static pressure
circumferential angle measured from windward
side, </>
Prandtl number
total wall heat-transfer rate
Reynolds number, (p^ V^Rri)/^
nose radius
static temperature
x component of velocity
u, v, and w for j = 1, 2, and 3
contravariant velocities, uk^Xk
total velocity
y and z components of velocity, respectively
coordinate along body axis
x, y, and z for j = 1, 2, and 3
angle of attack
specific-heat ratio
M00/^00
mixture viscosity
marching or streamwise coordinate
coordinate measured from the body to the
outer bow shock
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£3 = coordinate measured from the windward pitch
plane to the leeward pitch plane

p = mixture density
<j> = circumferential angle measured from the

windward pitch plane to the leeward pitch
plane

Superscripts
j = index in ̂  direction
n = index for iteration
T = vector transpose
Subscripts
(,) = represents partial derivative
oo = freestream quantity
ij =indicial notation representing 1, 2, and 3
kj = indices in the £3 and £2 directions, respectively
s = shock quantity
w = wall quantity
0 = total condition

Introduction

OVER the past several years, significant advances have
been made in the field of computational fluid mechanics

(CFD). Several recent advances in computer facilities, their
speed and storage capabilities, have made it possible to de-
velop accurate and sophisticated numerical prediction
schemes for various high-speed, fluid-flow problems. On the
other hand, not only is there a lack of high-speed experimen-
tal facilities but also their operating costs have remained very
high.

Existing modern methodologies for external-flow prediction
over ballistic geometries consist of Navier-Stokes (NS),
parabolized Navier-Stokes (PNS), and viscous shock-layer
(VSL) schemes. The NS schemes1"4 are typically very time-
consuming and not well suited for various parametric studies
required for design and analysis purposes. On the other hand,
the existing noniterative PNS schemes5"8 suffer from instabili-
ties and inaccuracies. Apart from being noniterative, such
PNS schemes require a substantial approximation in the way
the subsonic sublayer region is treated. Large global conserva-
tion-of-mass (as well as momentum and energy) errors are
generally associated with these PNS methods, which originate
from the basic noniterative solution scheme. The existing VSL
schemes9'11 have as a major limitation that they are parabolic
in the crossflow direction and, consequently, cannot march
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through crossflow separated regions. This prevents the VSL
scheme from accurately predicting the aerodynamic response
of complex projectile/missile configurations, which may expe-
rience strong crossflow separation, either because of a
large-angle-of-attack condition or simply because of the three-
dimensional nature of the geometry being considered (such as
finned configurations). However, even under these conditions,
the flowfield in the nose region is attached, and the VSL
schemes represent an accurate and efficient way of generating
the nose solutions for starting other (more accurate) after-
body methods that can treat crossflow separation (such as the
PNS schemes).

In this paper, we have extended our basic PNS scheme12'16

to study large-angle-of-attack three-dimensional supersonic/
hypersonic flowfields using a general curvilinear coordinate
system. However, for simplicity, we considered only axisym-
metric geometries in this study. Substantial effort was devoted
to the development of a new, fully implicit and crossflow-cou-
pled shock-fitting scheme in which the bow shock shape is
predicted as the solution marches down the body. Further-
more, a new predictor-corrector solution scheme was devel-
oped and used to treat the strong crossflow coupling effects in
and around the crossflow separated region. Two large-angle-
of-attack test cases were considered to validate and demon-
strate this three-dimensional PNS capability. These test cases
deal with the flow over a 15-deg sphere-cone vehicle at an
angle of attack of 20 deg. The first test case considered was
for Mach 10.6 wind-tunnel conditions and corresponds to one
of the test cases studied by Cleary.17 The second test case
involved the flow over the same sphere-cone configuration at

pUj

+ ^y

*n=(V/J)

Following the approach of Peyret and Viviand18 and Vivi-
and,19 it can be shown that the full Navier-Stokes equations
governing the three-dimensional flow problem can be trans-
formed into the general curvilinear system (^y) and written as

(3)

These five equations representing the differential conservation
of mass, momentum, and energy are mathematically closed by
using the equation of state for the particular gas model used.
This equation of state can be written in a general functional
form as

y^p - Z*pT = 0 (4)

In the case of a perfect-gas model, the gas is assumed to be
thermally as well as calorically perfect and Z* = 1. In the case
of an equilibrium-air gas model, Z* is a state variable. In the
present formulation, Z* for an equilibrium-air gas model is
provided in a tabular form using pressure and temperature as
the dependent variable [i.e., Z* = Z*(/?,T)].

Equations (3) are elliptic in £ l 5 £2, and £3 directions. If we
neglect the viscous dissipation effects in the f t direction, we
can combine Eqs. (3) and (4) in the following vectorial
equation.

Equations (5) represent the PNS equations. The various
components of this vectorial equation are defined as

(6a)

a flight Mach number of 20 and for a flight altitude of
45.7km. Both perfect-gas and equilibrium-air gas models
were used to study this test case. The results of these numeri-
cal tests are very encouraging and demonstrate quite well the
salient features of the new three-dimensional PNS scheme.

Solution Scheme
The coordinate system used for the present three-dimen-

sional PNS scheme is a general curvilinear coordinate system
(£15^25^3) shown in Fig. 1. The origin of the coordinate system
is at the tip of the blunt nose, and the x axis is aligned with
the axis of the body. The ̂  coordinate is along the body and
is also the marching direction. The £2 coordinate is measured
from the body to the outer bow shock and lies in an axis-
normal plane. The £3 coordinate is measured in the crossflow
direction from the windward pitch plane to the leeward pitch
plane. In general, it is assumed that the (x,y,z) space is
uniquely transformable to the (£1,^2 ̂ 3) space through rela-
tions of the form

The transformation of Eqs. (1) are such that A£2 = A£3= 1
and Af! = AJC.
Governing Equations

We choose our unknowns to be the density (p), the density-
velocity products (pw, pv, and pw), the density-temperature
product (pT), and the pressure (p). Thus, our vector of
unknowns is

(2)

where no summation is implied over «, which takes the values
of n = 2 and 3, respectively. Also,

h = (6b)

Fig. 1 Coordinate system.
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Delta Form of the Governing Equations
In this delta formulation, we solve for the changes in the

flowfield variables from one iteration to the next. Let us
denote the iteration at which we seek the solution by the
superscript n + 1, and the previous iteration (the solution to
which is known) by the superscript n. If we assume that the
solution at the n + 1 iteration is close to the solution at the
nth iteration, we can use a first-order Taylor series expansion
around the previous iteration to write

fi ' — fi ' ~^~Aj * A0

sj+ 1,1.+ 1 ^

where

(7)

(8)

The full PNS equations, given by Eqs. (5), are elliptic in the
£2 and £3 directions so that, for second-order accuracy, we use
central-differenced approximations for all £2 and £3 deriva-
tives. However, the use of central-differenced schemes is typi-
cally associated with solution oscillations.5"8'12"16 In order to
damp these solution oscillations, it is necessary to add some
additional higher-order diffusion terms to Eqs. (5). In our
earlier work,12"16 we have developed a second-order-accurate
smoothing approach that is accurate and simple to use. In the
present study we extend this basic approach to write Eqs. (5)
as

Thus, the final form of the system of equations to be solved
becomes

+ [(A2 - eM2)« + [(A3 -

- - n

where

(13a)

(13b)

and Xe is the sixth element of the %.
For the perfect-gas model, the mixture viscosity was ob-

tained using the Sutherland formula,20 and the specific-heat
ratio was assumed to be a constant (1.4 for air). The mixture
Prandtl number was also assumed fixed (0.72 for air), and the
mixture thermal conductivity was obtained from the definition
of mixture Prandtl number. For equilibrium-air flows, the
mixture thermodynamic and transport properties were pro-
vided in the form of a table, using pressure and temperature
as the dependent variables. The mixture enthalpy [/*(/?, T)]
and mixture density \p(p,T)] data were based on the tabular
data of Miner et al.,21 and the viscosity and thermal conduc-
tivity data were based on the data developed by Peng and
Pindroh.22 The Prandtl number data were developed using
these viscosity and thermal conductivity data, and the mixture
specific-heat data obtained by numerically differentiating the
enthalpy data of Miner et al.21 The equilibrium-air thermo-
dynamic and transport property table thus generated covered
the temperature range of 10-15,000 K and the pressure range
2.5331 x 102-1.6059x 106N/m2. It should be noted that
these ranges adequately cover most of the flight regime in
which the equilibrium-air effects may be important.

(9)

where the forms of the vectors n1 and n2 are chosen such that
(to second-order accuracy) we can rewrite Eqs. (5) in terms of
an intermediate solution fa as

The actual solution at the j + 1 step (qn+ 1) is related to this
intermediate solution by

(lla)

(lib)

In the current study, we have further taken the approach of
including the crossflow smoothing represented by Eqs. (lla)
in the solution of Eqs. (10), so that we directly solve for £
rather than fa. It can be shown that by using Eqs. (9-11), we
can also write Eqs. (5) to second-order accuracy as

(12)

The right-hand side of Eqs. (12) gives the appropriate form of
the implicit and explicit smoothing operator to be added to
the implicit (left-hand) side and the explicit (right-hand) side
of Eqs. (5). As far as the smoothing effects in the £2 direction
are concerned [Eqs. (lib)], they are further modified to limit
them to the pressure fluid only. In this manner, the velocity
and temperature gradients near the wall remain unaffected
and, consequently, there is not degradation of the wall heat-
transfer and skin-friction predictions.

Pseudounsteady Solution Algorithm
The terms on the right-hand side of Eqs. (13a) are actually

the governing differential equations written at the nth itera-
tion level and go to zero in the limit of convergence. Under
these conditions, the exact form of the left-hand implicit terms
is of no great consequence except that it affects the conver-
gence path of the solution.12"16 With this idea in mind, we do
not update the Jacobian matrices beyond the first iteration.
With this pseudounsteady approach, the converged limit of
the final solution is the same as the converged limit of Eqs. (5)
and (13a). However, with the present pseudounsteady ap-
proach, the time for each iteration after the first iteration
(« = 2,3,...) is only 15-20% of the time taken by the first
iteration.

Experience shows that when fine grids or a poor initial
guess are used, the solution convergence can be greatly en-
hanced by using an underrelaxation approach. In order to
underrelax the solution, when updating the solution vector
from the n to the n + 1 iteration, we assume that

(14)

where / is the underrelaxed solution and ^ the unrelaxed
solution to Eqs. (13a). Thus, in terms of the underrelaxed
solution (/), we can write Eqs. (13a) as

(^,/Af, - A0)" • (A* - AX>43{3 A£§/4)»+ '

- * - * =g" (15a)
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where 0 ̂  co ^ 1. The final smoothed solution is related to this
underrelaxed solution by

oi

r+1 = ; (15b)

where %6 is the sixth element of 7. An advantage of using
underrelaxation of the solution in this particular form is that
the underrelaxation factor (co) can be varied from one itera-
tion to the next without changing the form of the matrices on
the implicit left-hand side of the equations. Consequently, the
use of underrelaxation in this manner does not disrupt our
present pseudounsteady formulation, in which the coefficient
matrices are not changed after the first iteration. Figure 2
shows some typical variations of the L2 norm of the residuals
for co = 0.25, 0.5, and 0.75, respectively. As can be seen from
this figure, the co = 0.75 results show some convergence
difficulties, whereas results with co = 0.5 and co = 0.25 show
significantly better convergence characteristics. Typically, we
start the iterations with a smaller value of co (0.1 or less) and
gradually increase it during the iterations to a higher value.
Experience shows that, for almost all cases, co can be quickly
increased to 0.5, while a fast and monotonic solution conver-
gence is maintained.

Predictor-Corrector Solution Scheme
Under large-angle-of-attack conditions, strong crossflow

separated regions may develop on the leeward side. Under
these conditions, solution coupling in the crossflow direction
is very important. If these coupling effects are not properly
considered during the iterative solution, they can cause severe
convergence difficulties. In order to address the problem of
crossflow coupling, we have developed a new predictor-
corrector approach. This predictor-corrector scheme is di-
vided into three different parts; namely, 1) the predictor step,
2) the shock solution, and 3) the corrector step.

Using a two-point streamwise differencing and central-
differenced approximations in the £2 and £3 directions, the
final differenced equations corresponding to Eqs. (15a) can be
written in the following block-pentadiagonal form.

O
S5
(N

0.00 13.00 2B.OO 39.00 52.00

ITERATIONS

Fig. 2 Effects of underrelaxation on solution convergence.

iiij-
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crossflow-
uncoupled

crossflow
coupled
solution

0.00 13.00 26.00 39.00 52.00
ITERATIONS

Fig. 3 Effects of crossflow coupling on solution convergence.

(16)

Predictor Step
In the predictor step, we first neglect the implicit crossflow

coupling effects in favor of the body-normal coupling effects.
With this assumption, the governing equations for the predic-
tor step become

M • AX?,/- i] + [B • A/?,/] + [C • A*£/+ J =#« (17a)

These equations are inverted from the body to the shock to
develop a recursive relationship between the solution at each
successive grid point in the body-normal direction. These
recursive relations have the form

Ax£7 = —RkJ • &%*,i+i + *"?,/ U7b)

where k = 1,. . . KMAX, /=! , . . . LMAX - 1, and (/*) is
the result of the predictor step.
Crossflow-Coupled Shock Solution

Using the recursive relation from the predictor step at the
/ = (LMAX-1) location, the Rankine-Hugoniot shock-cross-
ing equations are solved to obtain the solution at the shock.
This shock solution, along with the solution of the predictor
step, is then used to solve the corrector step.
Corrector Step

The solution in the corrector step uses the recursive rela-
tions from the predictor step to eliminate the (kj — 1) contri-
butions in the difference molecule. Then, assuming that the
solution at the (kj + 1) point can be adequately approximated
from the predictor step, we can reduce the Eqs. (16) to only
a coupled system of equations in the crossflow direction. This
crossflow corrector solution can be written as

+ (B - A • Rkl_ *,, + E •

(18)
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where /* is the predicted solution and x the final corrected
solution. Equations (18) can now be solved using plane-of-
symmetry boundary conditions applied in the windward and
leeward pitch planes, and the corresponding final smoothed
solution is obtained using Eqs. (15b).

The effects of crossflow coupling of the solution can be seen
in Fig. 3. This figure shows the typical changes in the L2 norm
with increasing number of iterations for 1) a crossflow-
coupled solution (using the predictor-corrector scheme) and
2) a crossflow-uncoupled solution (using only the predictor
step). Our earlier experience with coarse crossflow grids and
with small angles of attack was that, under these conditions,
the aforementioned crossflow-uncoupled solution scheme typ-
ically showed fast and monotonically convergent character-
istics.14'16 However, Fig. 3 shows that, under large-
angle-of-attack conditions and with fine crossflow grids, this
uncoupled solution scheme eventually diverges whereas* for
the same conditions, the corresponding predictor-corrector
solution scheme remains monotonically convergent.

Boundary Conditions
The initial conditions to start the perfect-gas and equi-

librium-air PNS solutions were obtained from a VSL blunt-
body solution scheme for perfect-gas and equilibrium-air
flows.9'11'23 The quality of such VSL solutions has been dis-
cussed in great detail by Thompson et al.11 and Bhutta et al.24

The VSL blunt-body solution is interpolated to obtain the
starting solution at the initial data plane (IDP) for the
three-dimensional PNS afterbody solution; We typically
choose the starting location to be approximately 2-3 nose
radii downstream of the nose stagnation-point location.

In the present study, the boundary conditions at the wind-
ward and leeward pitch planes consist of second-order-accu-
rate reflective or symmetric boundary conditions.5'6 The
boundary conditions at the outer bow shock are, however,
much more complicated and involve a fully implicit and
crossflow-coupled shock-fitting approach. The boundary con-
ditions at the wall consist of six independent relations repre-
senting the nature of the gas mixture and the physical
conditions at the wall. These conditions are 1) the equation of
state of the gas (y^p — Z*pT = 0), 2) no-slip condition for u
velocity component (pu = 0), 3) no-slip condition for v veloc-
ity component (pv = 0), 4) no-slip condition for w velocity
component (pw — 0), 5) a specified wall temperature distribu-
tion [(pT) = pTw], and 6) zero pressure gradient in the £2
direction ( / ? = - 0 ) .

Implicit Crossflow-Coupled Shock-Fitting
In this approach, the bow shock location is iteratively

predicted as the solution marches down the body. The impor-
tant features of this fully implicit shock-fitting approach are:

1) The bow shock shape location is predicted along with
the flowfield solution and does not have to be specified a
priori.

2) Unlike earlier noniterative shock-propagation ap-
proaches,5'6'25 the present shock-fitting scheme is fully itera-
tive and treats the various gas models accurately and in a
unified manner.

3) Unlike earlier noniterative shock-propagation ap-
proaches,5'6'25 the present approach does not assume that the
flowfield behind the shock is inviscid. This can be quite
important when strong flowfield gradients exist behind the
shock, as may be the case in the nose-dominated region and
in regions where the bow shock starts to interact with the
embedded shock waves (or compression waves) originating
from the body.

4) Unlike the iterative shock-fitting approaches of Helliwell
et al.26 and Lubard and Helliwell,27 not only is the present
shock-fitting approach for a general curvilinear coordinate
system, but it also does not increase the matrix size of the
block-matrix solution between the body and the shock.

5) The present shock-fitting scheme does not neglect the
crossflow coupling effects at the shock. This results in accurate
and smooth shock shapes even when there are strong
crossflow variations of the conditions behind the shock. This
can be especially important when dealing with complex three-
dimensional configurations, where the nature of the body can
interact with the bow shock and substantially distort it.
Similar strong crossflow variations may also occur on simple
configurations pitched at large angles of attack.

In developing the present bow shock-fitting scheme, we
assume that, from one iteration to the next, the shock points
move along the £2 grid line. With this assumption, the final
solution has only one additional unknown at the shock that
completely defines the spatial movement of the shock point.
This smaller number of unknowns is very important for a
faster iterative solution and faster convergence characteristics
of the overall implicit shock-prediction scheme. This simplifi-
cation represents only a certain constraint on the direction in
which the shock point moves and has no effect on the
accuracy of the shock-crossing equations. Thus, the corre-
sponding movement of the shock-point coordinates from one
iteration to the next can be written as

(Xj)"+1 cz(Xj)" + (*/^2)J(A)J + 1 (19)

where A^ denotes the amount by which the shock moves in the
£2 direction between iterations n and n + l.

After defining the appropriate shock-normal and shock-
tangent velocity components at the shock, we can write the
five Rankine-Hugoniot shock-crossing equations representing
the conservation of mass, momentum, and energy across the
shock, in terms of the following seven unknowns

q, = [p,pu9pv,pw,pT,p,A]J (20)

Thus, we need two more equations to close the system of
equations at the shock. One of these additional equations is
the equation of state of the gas, and the other equation is
provided by applying the differential continuity of mass equa-
tion behind the shock. As we see, no approximation other
than the assumption of a Rankine-Hugoniot shock has been
made. These equations are equally valid whether the condi-
tions behind the shock are viscous- or inviscid-dominated or
whether substantial flowfield gradients exist behind the shock.

If subscripts «, /, and s denote the velocity components in
the shock-normal and shock-tangent directions, the seven
governing equations at the shock can be written as

(21a)

(21b)

(21c)

(21d)

(21e)

along with the equation of state written in the functional
form,

and the differential continuity equation written as

= 0

(21f)

(21g)

The dependence of all of the quantities appearing in Eqs.
(21a-g) on the seven unknowns at the shock point (qs) can
now be completely described. Furthermore, these equations
can be linearized around the previous iteration. Using central-
differenced approximations for £3 derivatives and backward-
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differenced approximations for ^ and £2 derivatives, we can
rewrite these equations in the form

' + (C,)Z

{T :]•[' o (22)

As can be seen from Eqs. (22), the solution of the equations
at the shock are coupled to the inner flowfield solution
through A/J^LMAx-i- Using the results of the predictor step
[Eqs. (17a) and (17b)], the inner flowfield solution can now be
related to the shock-point solution vector Aq" + * through
relations of the form

>!LMAX-I (23)

After substituting Eqs. (23) into Eqs. (22), we can reduce Eqs.
(22) to the form

rk^\=gn
k (24)

Equations (24) are now solved using appropriate reflective
and symmetric boundary conditions in the leeward and wind-
ward pitch planes of symmetry. This solution gives
simultaneously the &q" + l vectors at each shock point
(k = 1,2,3,...,KMAX).
Important Features of the Present Three-Dimensional PNS Scheme

The new three-dimensional PNS scheme being presented
offers several advantages and improvements over the existing
iterative as well as noniterative PNS schemes. Some of the
major features can be briefly summarized as follows:

1) Unlike the existing iterative26'27 as well as noniterative5"
8 PNS schemes, an eigenvalue analysis of the present PNS
formulation shows unconditionally real eigenvalues in the
subsonic as well as the supersonic flow regions.14'15 Conse-
quently, in the absence of streamwise separation, the present
PNS formulation is unconditionally timelike and does not
require the use of any sublayer approximation.

2) Because the present PNS formulation involves an inher-
ently stable, embedded subsonic region, it can be successfully
used under high-altitude and low-Reynolds-number condi-
tions, where the embedded subsonic region is quite thick and
can include as much as 50% of the computational grid.13"15

On the other hand, most of the existing iterative as well as
noniterative PNS schemes typically suffer from a breakdown
of the sublayer approximation under these high-altitude and
low-Reynolds-number conditions.13"15

3) Unlike the most commonly used noniterative PNS
schemes,5"8 the present three-dimensional PNS approach does
not involve any arbitrary external parameters for controlling
the amount of numerical smoothing included in the governing
equations. The form and magnitude of the numerical smooth-
ing operators used in the present approach have a fixed and
mathematically dictated nature that depends only on the
order of the numerical accuracy used. Although the present
approach uses a second-order-accurate smoothing formula-
tion, if necessary, a similar fourth-order-accurate formulation
can also be derived. The numerical accuracy of the present
smoothing approach is clearly reflected in the predicted re-
sults, which show almost no dependence on the axis-normal
grid refinement.12"16

4) The present approach successfully solves a fully conser-
vative set of governing equations using a fully iterative solu-
tion scheme and with no sublayer approximation. Moreover,
the higher-order numerical dissipation effects are kept at a
minimum required level. Consequently, the governing differ-
enced equations are solved in a "clean" form to Whatever
numerical accuracy is required. Global conservation checks
show that, typically, a similar order of accuracy is also
reflected in the satisfaction of global conservation of mass,

momentum, and energy. All existing iterative or noniterative
PNS schemes lack this capability as a result of various
deficiencies in the numerical solution schemes used. For exam-
ple, the existing iterative PNS schemes26'27 solve the noncon-
servative form of the equations, whereas the existing
noniterative PNS schemes have no direct control or check on
the accuracy of the numerical solution. In both cases, further
inaccuracies are also introduced through the use of sublayer
approximations and excessive numerical smoothing.

5) The present three-dimensional PNS approach also in-
volves the use of a new fully implicit shock-fitting algorithm
along with a new predictor-corrector solution scheme. These
schemes represent substantially enhanced capabilities over
existing schemes used for similar purposes. For example,
compared to the present implicit shock-fitting scheme, the
existing schemes are less accurate, numerically less stable, and
considerably more restrictive in terms of their applicability.
Most important, unlike any other shock-fitting scheme, the
present approach can accurately treat various gas models in a
unified manner. As far as the new predictor-corrector solution
scheme is concerned, the results clearly show that it has
stability and convergence characteristics greatly superior to
the conventionally used approximate factorization approach,
whereas the amount of computational effort involved is the
same. This enhanced solution capability of the predictor-
corrector scheme is even more evident for complicated flow-
field conditions, where the crossflow and axis-normal solution
coupling effects are important. For the corresponding approx-
imate factorization approach, these coupling effects cause
large factorization errors.

6) One of the important features of the present three^
dimensional PNS scheme, which is of significant practical
interest, is the overall computational efficiency it offers. This
numerical formulation uses the iterative aspects of the solu-
tion scheme in such a way that the required computational
time is substantially reduced; however, the final solution
accuracy is not compromised. Furthermore, the enhanced
solution stability and accuracy permits the use of much larger
marching steps than the corresponding noniterative PNS
schemes. Consequently, with the present approach, the flow-
field predictions are not only significantly more accurate than
the corresponding noniterative schemes, but the final comput-
ing times for typical three-dimensional calculations are also
shorter. For example, for comparison purposes, we studied
the Mach 20 perfect-gas flow over a 5-deg sphere-cone vehicle
at an altitude of 30.4 km and an angle of attack of 5 deg. The
particular sphere-cone geometry used was 800 Rn long and
had a nose radius of 0.00254 m. The flow was fully laminar,
and the wall temperature was fixed at 1111.1 K. With our
three-dimensional PNS scheme, we could accurately perform
this calculation using 50 points between the body and the
shock and 9 crossflow planes. This calculation took less than
5 min on an IBM3090 (model 200VF) machine. The corre-
sponding calculations with the AFWAL PNS code28 required
very small axial steps and finer crossflow as well as axis-
normal grids. With 19 crossflow planes and 90 points between
the body and the shock, the AFWAL PNS calculations took
slightly more than 30 min on the Cray-2 machine (which
converts to nearly 1 h on the IBM3090). It is worth noting
that, even with the 19 crossflow planes, the AFWAL PNS
predictions were not as accurate as the predictions of our
three-dimensional PNS scheme using only 9 crossflow planes.
Preliminary results showed that when the number of crossflow
planes in the AFWAL PNS calculations was increased to 45,
the predicted results agreed better with our three-dimensional
predictions. It is estimated that for the full body length, such
a 45-plane solution with the AFWAL PNS code would take
nearly 2 h on the Cray-2 machine.

Results and Discussion
In order to test the accuracy and efficiency of the proposed

three-dimensional PNS scheme, we studied the flow over a
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Table 1 Freestream conditions

Quantity Case 1 Case 2

Mach number
Reynolds number
Pressure, kN/m2

Density, kg/m3

Temperature, K
Velocity, .iri/s
Wall temperature, K
Angle of attack, deg

10.600
1.318E + 5
1.321E-1
9.710E-3
4.734E+1
1.462E + 3
3.000E + 2

20.000

20.000
1.952E + 4
1.362E-1
1.792E-3
2.645E + 2
6.522E + 3
1. 11 IE + 3

20.000

crossflow velocity vectors presented in Fig. 4 clearly show the
crossflow separated region on the leeward side. The crossflow
pressure contours for this case indicate that the wall pressure
reaches a minimum just before the crossflow separation and
then increase slowly toward the leeward pitch plane. The
density contours show rapid expansion of the flpwfield as we
move from the windward to the leeward pitch plane, and the
corresponding temperature contours indicate a rapid thicken-
ing of the viscous layer in the region of crossflow separation.

The axial and crossflow distributions of wall heat-transfer
rate are plotted in Figs. 5 and 6. The corresponding experi-

15-deg sphere-cone configuration at an angle of attack of
20 deg at two different Mach numbers. The freestream condi-
tions for this case are given in Table 1. This sphere-cone
geometry consists of a 0.02794-m nose radius and has a body
length of 17.5 nose radii.

The first test case (case 1) is for a Mach 10.6 wind-tunnel
condition. This test case has also been studied by Cleary17 in
the NASA Ariies hypersonic wind tunnel. Cases la-lc repre-
sent the three different computational grids uses to predict the
flowfield using a perfect-gas model. Case la uses 31 circumfer-
ential planes and 50 points between the body and the shock.
Case Ib uses 25, and case le 17, circumferential planes. The
grid size at the wall for these case 1 grids was 0.01% of the
local shock-standoff distance. The second test case (case 2) is
for a Maeh number of 20 and for flight conditions corre-
sponding to an altitude of 45.72 km. Case 2a represents the
solution using a perfect-gas model, whereas case 2b represents
the corresponding solution using an equilibrium-air gas
model. Like the case la grid, case 2a and case 2b grids use 31
circumferential planes and 50 points between the body and
the shock. The grid distribution in the £2 direction was the
same as the one used for case 1. Case 2c calculations use 30
points between the body and the shock and were performed to
study the effects of the axis-normal grid refinement on the
predictions of the wall-measurable quantities.
Comparison with Experimental Data

As mentioned before, the Mach 10.6 test case (case 1) was
also one of the cases studied by Cleary17 in the NASA Ames
hypersonic wind tunnel. This particular test case was consid-
ered because the experimental data showed laminar flow over
most of the flowfield, except for some transition effects on the
lee side. Thus, in this case, most of the flowfield can be
accurately modeled using a laminar perfect-gas model. The

4
111-

Mach 10.6
Perfect gas
20° angle of attack
15° sphere cone
Case 1a (31x50 arid)

CM
4J
IW

9

x10.

—— PNS
(31x50 grid)

• Cleary (1969)

90°

Mach 10.6
Perfect gas
20° angle of attack
15 ° sphere cone

0.00 15.00 20.005.00 10.00
X/RN

Fig. 5 Axial distribution of wall heat-transfer rate for case la.

oo

0)•o

x=15.3Rn

Gleary (1969)

• PNS
(31x50 grid)

Mach 10.6
Perfect gas
20° angle of attack
15° sphere cone

l .E-1 . l .E-d l . E + 1
- QW (Btu/ftVsec)

Fig. 4 Lee side crossflow velocity vectors for case la.
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Fig. 6 Crossflow distribution of wall heat-transfer rate for case la.
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Fig. 7a Details of the lee side temperature contours for case 2a. Fig. 7b Details of the lee side temperature contours for case 2b.

mental predictions of the wall heat-transfer rate are also
shown in these figures. Figure 5 indicates that the numerical
predictions and experimental data are in excellent agreement
along the </> = 0 deg and 0 = 90 deg planes. The leeward
distribution shows a sudden rise in the experimental predic-
tions of wall heat-transfer rate around x/Rn = 6. This rise
occurs because the experimental flow on the lee side became
transitional around this region.17 The windward side, how-
ever, remained laminar. This can also be seen from the
crossflow distribution of Fig. 6. This figure indicates that the
numerical predictions are in excellent agreement with the
experimental data up to (f> = 160 deg. Beyond this point, the
experimental data are higher because of transitional flow
conditions.

We also did some grid-refinement studies to evaluate the
effects of crossflow grid refinement on the accuracy and
stability of the solution scheme. Three different grids were
used with 31, 25, and 17 equally spaced crossflow planes,
respectively. In Fig. 6, we see the effects of this crossflow grid
refinement on the wall heat-transfer rate, that whereas the
windward side remains almost unaffected, the lee side is quite
sensitive to the grid refinement. These results demonstrate
that the coarse 17-plane solution does not even predict any
crossflow separation. The 25- and 31-plane results, however,
clearly show a region of crossflow separation between
</> = 160 deg and </> = 180 deg. The extent of the separated
region predicted by these two fine grids is also in good
agreement. Furthermore, the finest crossflow grid (31-plane)
solution signifies that the numerical predictions of the location

/ and magnitude of the minimum wall heat-transfer rate are in
very good agreement with the corresponding experimental
data.

Effects of Equilibrium-Air Gas Model
The perfect-gas and equilibrium-air calculations for case 2

show that the extent of the predicted crossflow separated
region is smaller when the equilibrium-air gas model is used.
This can be understood when we consider that the effect of

the equilibrium-air gas model is to reduce the shock-layer
thickness, and this in turn suppresses the crossflow separation.
This is important because the equilibrium-air and perfect-gas
comparisons are typically made in terms of either the wall-
measurable quantities or, in some cases, the effects on the
shock-layer thickness. This may be sufficient under small-
angle-of-attack conditions; however, the present results show
that, under large-angle-of-attack conditions, the use of an
equilibrium-air gas model may even change the flowfield
character on the lee side by suppressing or limiting the extent
of the crossflow separation.

The effects of the gas chemistry on the lee side temperature
contours for these cases are plotted in Fig. 7. The correspond-
ing wall-pressure distributions indicate that, along (/> =0deg
and </> = 90 deg planes, the wall-pressure predictions for per-
fect-gas and equilibrium-air calculations are within 5% of
each other; however, along the <j> = 180 deg plane, the equi-
librium-air gas model predicts a 15% lower pressure. This is
due to the smaller crossflow separated region in the case of the
equilibrium-air calculation. The corresponding equilibrium-air
VSL calculations show that the VSL and PNS wall-pressure
predictions differ by nearly 10%. The VSL results shown were
not globally iterated and use a coarse 9-plane crossflow grid.

The crossflow distributions of the wall heat-transfer rate are
shown in Fig. 8. In this case, the effect of the equilibrium-air
gas model is to increase the wall heat-transfer rate along the
</> = 0deg and (/> =90 deg planes by as much as 15%. The
VSL calculations for this case predict 15% higher wall heat
transfer than the PNS calculations. The corresponding predic-
tions of the streamwise skin-friction coefficient follow the
same trends as the wall heat-transfer predictions. The
crossflow distribution of the shock-standoff distance at the
body end (Fig. 9) shows that, along the windward pitch plane
($ = 0 deg plane), the effect of the equilibrium-air gas model
is to reduce the shock-standoff distance by as much as 85%.
Along the </> =90 deg plane, the equilibrium-air calculations
predict a 40% thinner shock whereas, along </> = 180 deg, the
predicted shock layer is only 10% thinner than the corre-
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spending perfect-gas calculations. The corresponding equi-
librium-air VSL calculations show that VSL and PNS
predictions of the bow shock shape are within 10% of each
other. Again, it should be noted that the VSL results shown
were not globally iterated and, in the absence of available
experimental data, were used only to cross-check the qualita-
tive aspects of the equilibrium-air PNS calculations.

In order to test the sensitivity of the wall-measurable
quantities to the axis-normal grid refinement, we compared
the predictions of the case 2b calculations (with 50 points
between the body and the shock) with the corresponding case
2c calculations (with 30 points between the body and shock).
The results show that, except for the crossflow separated
region, the wall-pressure predictions were typically within 1 %
of each other. The corresponding streamwise skin-friction and
wall heat-transfer predictions were within 10% of each other.
In the crossflow separated region, these skin-friction and wall
heat-transfer differences were of the order of 15-20%. The
corresponding results of the shock-shape predictions indicate
that the axis-normal grid refinement had less than 1% effect
on the predicted shock-standoff distance.

Computing Times
The computing times for the various calculations performed

in this study are shown in Table 2. The present solution
scheme involves an implicit inversion algorithm in the
crossflow direction. Thus, typically, the computing time in-
creases more rapidly than the corresponding increase in the
crossflow grid refinement. Even so, the increase is not that
much. For example, compared to case Ic, case Ib shows 4%
increase in computing time per grid point. On the other hand,
case la shows shows only a 14% increase in computing time
per grid point. The equilbrium-air (case 2b) computing time
shows a 3% increase over the corresponding perfect-gas (case
2a) calculations. In terms of the axis-normal grid-refinement
effects, we see that although case 2b calculations represent a
70% increase in the number of grid points between the body
and the shock, the required computing time is only 60%
more. This occurs because, with the larger number of grid
points between the body and the shock, the solution con-
verges faster, and this compensates for some of the increase in
the computational effort resulting from the increased number
of grid points. When considering these computing times, we
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Fig. 8 Effects of gas model on the crossflow distribution of the wall
heat-transfer rate for case 2.

Fig. 9 Effects of gas model on the crossflow variation of the bow shock
shape for case 2.

Table 2 Computing times

Case

Case la
Case Ib
Case Ic
Case 2a
Case 2b
Case 2c

x/Rn
range

1.7-17.5
1.7-17.5
1.7-17.5
3.5-17.5
3.5-17.5
3.5-17.5

Grid
4 1 X %2 x <0

28 x 50 x 31
26 x 50 x 25
26 x 50 x 17
24 x 50 x 31
24 x 50 x 31
24 x 30 x 31

IBM3090a

(min : s)

4:45
3:14
2:07
6:15
6:26
4:00

XMP(4/8)b

(min : s)

1:55
1:18
0:51
2:31
2:35
1:37

Cray-2c

(min : s)

3:19
2:16
1:29
4:22
4:30
2:48

aActual computing times on IBM 3090 (model 200VF) with VS-compiler and scalar LEVEL = 3 optimiza-
tion. bEstimated computing times on Cray X-MP (4/8) with CFT77 compiler and auto vectorizaton.
Estimated computing times on Cray-2 with CFT77 compiler and auto vectorization.
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should also note that the current three-dimensional PNS code
is a research code and has not been optimized.

Conclusions
In this study, a new three-dimensional and fully iterative

PNS scheme has been developed to study three-dimensional
hypersonic flows around ballistic configurations under large
angle-of-attack conditions. The flow around a sphere-cone
configuration at an angle of attack of 20 deg was considered
at two different Mach numbers to study the accuracy and
efficiency of this new three-dimensional PNS scheme. Both
perfect^gas and equilibrium-air gas models were used. These
results substantiate the following conclusions:

1) A new three-dimensional perfect-gas/equilibrium-air
PNS scheme has been developed. This scheme is inherently
stable in the subsonic as well as the supersonic flow regions
and, unlike classical PNS schemes, this new PNS scheme does
not require the use of any sublayer approximation. Further-
more, the numerical solution scheme has very good grid-
refinement characteristics and permits very fine grids to be
used in the near-wall region for improving solution accuracy.

2) The present PNS scheme uses a new simple yet second-
order-accurate smoothing approach. The smoothing effects in
the axis-normal direction are, however, limited only to the
pressure field and, thus, do not degrade the accuracy of the
wall heat-transfer and skin-friction predictions.

3) A new predictor-corrector solution scheme has been
developed to treat the strong crossflow coupling effects in and
around the crossflow separated regions. Furthermore, a new
fully implicit shock-prediction scheme has been developed and
used to predict accurately the bow shock location as the
solution marches down the body. With the use of a pseudo-
unsteady algorithm, the present fully iterative three-dimen-
sional results can be accurately and efficiently obtained
without any significant computing-time penalty. Furthermore,
the enhanced solution accuracy and stability permit the use of
much larger marching steps than the noniterative PNS
schemes. Thus, the present three-dimensional PNS scheme not
only provides more accurate flowfield predictions, but the
final computing time required for a typical three-dimensional
calculation is generally much shorter than the time required
by existing noniterative PNS schemes.
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